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Abstract This paper reconsider the problem of a Proca field in the exterior of a 
. static black hole. The original Bekenstein's demonstration on the van- 

' ishing of this field, based on an integral identity, is improved by using 

more natural arguments at the event horizon. In particular, the use of 
the so-called standard integration measure in the horizon is fully jus- 
tified. Accordingly, the horizon contribution to the Bekenstein integral 
identity is more involved and its vanishing can be only established using 
^ ■ the related Einstein equations. With the new reasoning the "no-hair" 

theorem for the Proca field now rest on better founded grounds. 
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^ ! 1. Introduction 

■ Massive fields are forbidden in tlie exterior of any stationary black 

hole. Such statement rest in the fact that the strongest version of the 
"no-hair" conjecture establishes that a stationary black hole is uniquely 
determined by global charges (conserved Gauss-like surface integrals at 
spatial infinity) [1], but massive fields exponentially fall-off at infinity 
and made no contributions to the corresponding surface integrals; there 
are no global charges associated with them. This kind of unobserved- 
from-infinity configuration is what is called "hair" in the literature. 

The first results explicitly showing the nonexistence of massive "hair" 
were due to Bekenstein who studied massive scalar fields, Proca-massive 
spin-1 fields, and massive spin-2 fields [2]. This paper intents to improve 
the original demonstration of Bekenstein for Proca fields in the presence 
of static black holes. Such demonstration depends on an integral iden- 
tity only built from matter field equations; no Einstein equation is used. 
The fundamental changes introduced in the proof are related to the 
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arguments concerning the event horizon, which are usually the more in- 
volved. On the one hand, an essentially appropriate integration measure 
is introduced on the event horizon, which is a degenerate hypcrsurface. 
As a consequence the horizon contribution to the cited integral identity 
is more elaborate. On the other hand, the Bekenstein proofs are usu- 
ally announced as independent of the particular metric theory of gravity 
(see [3]); due to they involve only matter field equations. However, we 
shall show that in order to vanishing properly the horizon contributions 
to the Bekenstein's identity, it is imperative also the use of Einstein's 
equations. We would like to point out that the appropriate justification 
of the "no-hair" conjecture for massive vector fields has been a useful 
tool for excluding the existence of new black hole configurations from 
very complicated theories as metric-affine gravity, where a relevant sec- 
tor of this theory reduces to an effective Einstein-Proca system [4, 5]. 
Secondly, but not least important, the methods developed here has also 
been a start point in the exclusion of "hair" for more complex system 
where the mass terms appears dynamically through spontaneous sym- 
metry breaking [6]. 

In the following Sec. 2 the Einstein-Proca system is introduced and 
the consequences of considering this system in the exterior of a static 
black hole are highlighted. In Sec. 3 the "no-hair" theorem for the Proca 
field is established using the Bekenstein argument but with a different 
integration measure in the horizon, and helping us of the Einstein equa- 
tions in the reasoning. Section 4 is devoted to the relevant conclusions. 
The final Appendix is dedicated to properly justify the use of the stan- 
dard integration measure in the horizon mentioned above. 

2. Proca Fields on Static Spacetimes 

In this section we introduce some fundamental properties of a Proca 
field lying in the domain of outer communications -CJ^;^ of a static black 
hole. The Einstein-Proca action describing such interaction is given by 

where R stands for scalar curvature, and H^^, = 2V[^-Bjy] is the field 
strength of the Proca field B^. Prom (1) the Einstein and Proca equa- 
tions are established 

— = H^HiJOi + m^Bf^Bi, — -g^i.HapH"'^ , (2) 



(3) 
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In a static black hole the Killing field k coincides with the null gen- 
erator of the event horizon J^~^ . At the same time this field is timelike 
and hypersurface orthogonal in all the domain of outer communications 
<C^;^. These properties of the Killing field together with the simply 
connectedness of <CJ^^ [7] allow us to choose a global coordinate system 
(t, X*), i = 1, 2, 3, in all <J^» [8] such that k = d/dt and 



where V and 7 are t-independent, 7 is positive definite in all -C^^, and 
the function V is positive in all and vanishes in Prom (4) it 

can be note that staticity is equivalent to the existence of a time-reversal 
isometry i 1— > — t in all <CJ^2>. 

We shall assume that the Proca field shares the same symmetries 
of the metric; firstly, that it is stationary £kB = 0. Secondly, that 
the staticity of the metric is also extended to the Proca field and 
its field equations (3) in the sense of requiring they are all invariant 
under time-reversal transformations (electromagnetic staticity). The 
condition of time-reversal invariance for Proca equations (3) written 
in the coordinates of Eq. (4) demands that the components and i?** 
remain unchanged while and change sign, or the opposite scheme, 
i.e., and change sign as long as B^ and iJ'^ remain unchanged 
under time reversal [2]. Therefore, for a time-reversal invariant Proca 
field the components B^ and H^^ must vanish in the first case mentioned 
above, and the components 5* and i?** vanish in the second one. Hence, 
time-reversal invariance implies the existence of two separated cases: a 
purely electric case (I) and a purely magnetic case (II). 



Now we are ready to proof the "no-hair" theorem for the Proca field 
and we start by obtaining the corresponding integral identity mentioned 
in the introduction. Let ^ C^J^3> be the open region bounded by the 
spacelike hypersurface S, the spacelike hypersurface S', and the per- 
tinent portions of the horizon J^~^ , and the spatial infinity i". The 
spacelike hypersurface S' is obtained by shifting each point of S a unit 
parametric value along the integral curves of the Killing field k. Multi- 
plying the Proca equations (3) by Bq, and integrating by parts over Y 
using the Gauss law, one obtains 



(4) 
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The boundary integral over S' cancels out the corresponding one over S, 
since S' and S are isometric hypersurfaces taken with reversed normals 
in the Gauss law. The boundary integral over the infinity i°n'^ vanishes 
by the usual Yukawa fall-off of massive fields asymptotically. 

We will show that the integrand of the remaining boundary integral 
at the portion of the horizon n 'Y also vanishes. To achieve this 
goal we use the standard measure at the horizon [9], 

dS;3 = 2n[^Z^]Pd(7, (6) 

where I is the null generator of the horizon, n is the other future-directed 
null vector [n^l^ = —1), orthogonal to the spacelike cross sections of the 
horizon, and da is the surface element. We shall justify the use of the 
standard measure on the horizon in the final Appendix, see Eq. (A. 4). 
By using the quoted measure the horizon integrand can be written as 

5„i7^°dSa = (B^Hf^'^lp + BaH'^'^np lf,l^) da . (7) 

In order to show that the last integrand is vanishing it is sufficient 
to prove that the quantities inside the parenthesis at the right-hand 
side of Eq. (7) satisfy the following conditions: Bai?^"Z/j vanishes and 
BatJl^'^np remains bounded at the horizon. The behavior of these quan- 
tities at the horizon can be established by studying some invariants con- 
structed from the curvature. Using Einstein equations (2), we obtain, 
47ri?/K = m^B^Bi^ and 

^^Ri^.R'^'^ = 3H^+4I^ + (h - m^B^B^'Y + 2m^H;'B''H,aB\ (8) 

where H = H^pH^f^/A, I = *H„pH^'^/A, and *H^g = ri^^^^m^ /2 is 
the usual Hodge dual. Since the horizon is a smooth surface curvature 
invariants are bounded there, from which it follows first that B^B^ is 
bounded at the horizon. The last term in Eq. (8) is nonnegative in both 
cases (I) and (II), the remaining terms are also nonnegative, and conse- 
quently each one is bounded at the horizon, in particular the invariants 
H and /. Other invariants can be built from the Ricci curvature (2) by 
means of I and n, which are well-defined smooth vector fields on the 
horizon. The first invariant reads 

—R^.n^^n" = J^Jf" + m\B^n^'f - n^n^'H , (9) 

where = H^'^riy. The last term above vanishes because the bounded 
behavior of the invariant H. Since J is orthogonal to the null vector 
n it must be spacelike or null {J^J^ > 0), therefore each one of the 
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remaining terms in the right-hand side of Eq. (9) must be bounded. 
The next invariant to be considered, which vanishes at the horizon by 
applying the Raychaudhuri equation to the null generator [10] , reads 

4-7r 

= —Rf^J'^r = D^D'' + m\B^n^ - l^li'H , (10) 

K 

where = H^^'^ln is the electric field at the horizon. Once again the 
bounded behavior of the invariant H can be used to vanishing the last 
term of relations (10). The vector D is orthogonal to the null generator 
I hence must be spacelike or null (D^D^ > 0). Consequently each term 
on the right-hand side of Eq. (10) vanishes independently, which implies 
that B^l^ = and that D is proportional to the null generator I at the 
horizon, i.e., D = —{Dau") I. The following relation arise from the last 
invariant to be studied 

A-TT 

—R^J'^n'^ -H = {D^n'^f + m\B^n^'){BJ-), (11) 

where it has been used that D = —{Dan")l. Since BfJ,^^ = and 
B^n^ is bounded at the horizon, it follows that the second term on the 
right-hand side of Eq. (11) vanishes. Therefore, D^n^^ is bounded at the 
horizon as consequence of the bounded behavior of the related left-hand 
side in Eq. (11). 

Summarizing, the study of the horizon behavior of all the above in- 
variants leads to the following conclusions: the quantities D^n^, B^n^, 
Bfj^B^^, and J^^ are bounded at the horizon, and the relations l'^ = 0, 
and D = —(Dau'^) I are satisfied in the same region. 

Now we are in position to show the fulfillment of the sufficient con- 
ditions for the vanishing of the integrand (7) over the horizon, i.e., that 
BaH^'^lp vanishes and BaHl^°'n/s remains bounded at the horizon. Us- 
ing the definition = H^^^ly and that D = —{Dan'^)l, we obtain for 
the first quantity at the horizon 

B^Hf^'^lp = (D^n'^) {B,n = 0, (12) 

where the vanishing follows from the fact that, as we just establish, D^n^ 
is bounded and B^y F vanishes at the horizon. 

For the second quantity we note that B and J are orthogonal to 
the null vectors I and n, respectively. Therefore, B must be spacelike or 
proportional to Z, and J must be spacelike or proportional to n. Using a 
null tetrad basis constructed with Z, n, and a pair of linearly independent 
spacelike vectors, spanning the spacelike cross sections of the horizon, 
the B and J vectors can be written as 



B = -{Ban'^)l + B^ , J = -{JJ'^)n + J^, (13) 



6 



where B and J are the projections, orthogonal to I and n, on the 
spacehke cross sections of the horizon. Using expressions (13) it is clear 
that -B^S^ = B^B^^" and = J^J^^', i.e., the contribution to these 
bounded magnitudes comes only from the spacelike sector orthogonal to 
I and n. With the help of Eqs. (13) the other quantity appearing in the 
integrand (7) can be written as 

B^H^'^np = -B^r = -{Bar^){Dsn^) - B^,J^^, (14) 

where the identity Ja^" = —Dan^ has been used. The first term in (14) 
is bounded because -B^n" and Dpn,!^ are bounded. For the second term 
wc can apply the Schwarz inequality since and belong to a space- 
like subspace. Thus, {B^J^'^f < {B^B^^'){J;^J^'') = {B^Bi'){J^.r) 
and since B^B^^ and J^J"^ are bounded at the horizon we conclude that 
the second term of Eq. (14) is also bounded. 

Finally, the vanishing of the term (12) and the bounded behavior of 
the other term (14), together with the null character of I at the horizon 
lead to the vanishing of the integrand (7) over the event horizon. 

With no contribution from boundary integrals in the identity (5) we 
shall write the volume integral, using the coordinates from Eq. (4), for 
each one of the different cases discussed at the beginning of this section. 

For the purely electric case (I) we have 

Jy ~^ [l^ij^*^^*^ + dv = 0. (15) 

The nonpositiveness of the above integrand, which is minus the sum of 
squared terms, implies that the integral is vanishing only if H^^ and -B* 
vanish everywhere in and hence in all ^J^S>. 

For the purely magnetic case (II) the volume integral reads as 

/r {ImiH^'H'^ + m'^BiB'^ dv = 0, (16) 

in this case the non-negativeness of the above integrand is responsible 
for the vanishing of and B^ in all <CJ^^. 

4. Conclusions 

Concluding, we have proved that the Proca field B is trivial in the 
presence of a static black hole. It must be pointed that we improve 
the original proof of Bekenstein on the subject by using an appropriate 
integration measure on the event horizon of the black hole, and also 
making explicit use of the gravitational field equations. The vanishing 
of B implies that the action (1) reduces to the Einstein-Hilbert one, for 
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which the only static black hole is the Schwarzschild solution (see [11, 12] 
for references on improvements to the original proofs). The existence of 
static soliton (particle-like) configurations can be also excluded using 
similar arguments, since the only change in the proof is that in this case 
the boundary of the volume y only consists of the isometric surfaces S 
and E', and a portion of the spatial infinity i°, i.e., there is no interior 
boundary corresponding to the event horizon. 
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Appendix: On the Suitable Integration Measure of 
the Horizon 

In this appendix we justify the use of the standard integration measure (6) in the 
boundary integrals on the event horizon. In the derivation of the basic identity (5) we 
make use of Gauss's law, which is a well-known particular form of Stokes's theorem 



for some volume 'V with boundary d'V . The relation between both theorems rest on 
that the three-form a is the Hodge dual of the vector field v [10], wc shall explore 
such relation in order to find the horizon integration measure. In the Stokes version 
we can write the boundary integrand as a = ft 773 using that the three-form a must 
be proportional to the volume three-form 773 of the boundary d^. 

For example, in the case of a boundary consisting of non-null surfaces the induced 
metric there is nondegenerate, and we can choose as volume three-form on d'V the 
one associated with the induced metric. It is given by rjz^fj^ = ±*ha0f s ±77^0/3771'', 
where 77 is the four-dimensional volume form, n is the unit normal to d'V, and we use 
the plus sign if h is spacclikc and the minus one if is timclike; in both cases the normal 
is chosen to be "outward pointing" in the volume in order to keep the orientation 
needed in Stokes's theorem [10]. For this election of the boundary volume three-form 
we have the relation a = **a = ±ft*n, from which it follows that ft = "a^hp, and 
we recover the Gauss form of the boundary integral 



here = = ri^''''^a^u-^ /2>\, and the integration measure at the boundary is the 
traditional one for non null surfaces dE/3 = 773 = fipAa, where da stands for the 
volume element (dcr = 773) following the usual notation. 

The above situation docs not apply to null surfaces, which is our case of interest 
when we try to integrate on the horizon. In this case the induced metric is degenerate, 
and a priori there is no natural choice for the volume form. However, in the case of the 
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event horizon we can use other geometrical objects naturally defined on it to specify 
a volume three form. Let I be the null generator of the horizon, and n be the other 
linearly independent and future-directed null vector orthogonal to the spacelike cross 
sections of the horizon, and normalized in such a way that n^/'' = — 1. For smooth 
event horizon they are well-defined smooth vector fields along it. In this case the 
volume three-form must not be orthogonal to / since such vector is tangent to the 
horizon, in fact, their interior product must coincide with the two-form expanding 
the area of spacelike cross sections of horizon which is obviously given by *(Z An). 
Hence, the volume three-form 773 must satisfy the relation rjs^^^l^ = *(ZAn)a/3, using 
now the identity Vs^ap^'^ — ~*(' /\*^3)a/3 [H] we conclude that a natural election for 
the volume three-form at the horizon is rja = — *n. Now we can find the function h 
inside the boundary integrand; multiplying the relation aa/37 = —hrjpag-^'nF by the 
three-form [*(Z A n) A Z]""^ = 3ri'"'^°"^lf,nJ''^ we obtain 

3aa,£i7'r;^'^"'^^M'ri,yn = —'ihT)pai3i'rfrf"''Ufin„r = 3! /i, 

and expanding the left-hand side above using that a = **a we have finally 

h = \'np^p^*a'''n'"'"^l^nJ-< = 2*a''n[^]P. (A.3) 

Hence the boundary integral can be expressed in the Gauss form as 

/ cx= [ *a''2n[3«^,rr73 = / t;''dE^ , (A.4) 

where again = *a^, but this time the boundary integration measure is expressed 
as dE/3 = 2n[i3lij,]l^dcr, and we use the standard notation for the volume element 

dcr = rja. This is the boundary integration measure introduced in Eq. (6) for the 
boundary integral at the event horizon and also used in previous references [9, 4, 6]. 
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